Interpolating number-coherent states are new states of the radiation field which interpolate between number and coherent states, to which they reduce in appropriate limits. We study some fundamental features of the interaction of these new states with a atomic system in the framework of the Jaynes-Cummings model(JCM). The dynamical evolution of atomic population inversion, field entropy, the Q-function and photon number distribution properties are investigated in detail.
Introduction
A number of authors have studied dynamical aspects of the interaction between atoms and certain classes of intermediate or interpolating states. These latter are defined to interpolate between given fundamental states and reduce to them in two different limits. For example, Vidiella-Barranco and Roversi have studied the interaction of binomial states with two-level atoms in order to generate superpositions of binomial states [1] . Wang and Fu studied the interaction of negative binomial states with two-level atoms [2] , while yet other aspects of this problem have been considered [3, 4] .
More recently, interpolating number-coherent states
which reduce to number(Fock) states and coherent states in two different limits, were introduced by using a ladder-operator approach [5] . The interest in the investigation of these states arises from the well known fact that the response of the atomic system consists of an exactly periodic sine oscillation when one uses number states as initial radiation field; and the response of the atomic system exhibits the complex phenomenon of collapse and revival of Rabi oscillations when one uses coherent states as initial field. The question therefore naturally arises as to what the response will be using a state intermediate between these two standard ones.
In our paper, we present a comparative study of the fundamental features of the interaction of interpolating number-coherent states with a two-level atom in the framework of two-photon Jaynes-Cummings model(JCM) [6, 7] . In Section 2, we introduce the wave function of the twophoton JCM in which the initial field is in an interpolating number-coherent state. In Section 3, we discuss the numerical results of population inversion of the atoms, the photon probability distribution, the field entropy and the Q-function and finally summarize in Section 4.
The standard Jaynes-Cummings Model (JCM) provides a simple solvable model of quantum optical resonance that exhibits nonclassical features, and may involve multi-photon processes. Two-photon processes are important in quantum optics because they involve a high degree of correlation between the nonclassical states of the electomagnetic field. In this note we use the two-photon JCM to study the interaction of interpolating number-coherent states with twolevel atoms. Using the effective Hamiltonian approach, we obtain a time-dependent solution for the wave function of the two-photon JCM in an ideal cavity.
We consider a single two-level atom undergoing two-photon transitions in an ideal cavity sustaining a single-mode electromagnetic field. From the rotating wave approximation(RWA), the effective Hamiltonian of the two-photon JCM can be written as (h = 1) [7, 8] :
with
In the above equation, a and a † are the field annihilation and creation operators, while σ 3 = |e e| − |g g|, σ + = |e g| and σ − = |g e| are the atomic operators; g is the two-photon coupling constant for transmission |g ⇀ ↽ |e , ω 0 and ω are the atomic transition frequency and cavity resonant mode frequency respectively. With
where ∆ is the two-photon detuning and ∆ = ω 0 − 2ω. We assume that the wave function for the combined atom-field system at time t is
It follows from the time-dependent Schrödinger equation
by using Eqs. (3) and (4) , that the probability amplitudes obey the following first order coupled differential equations:
We assume that in our system at the initial time t = 0, atom and field are decoupled and the atom is initially in the excited state |e , while the field is in the intermediate number-coherent state ||η, M (Eq. (1)), which can be written as
The solution of Eq. (6), subject to the initial condition (7), is given by
where Ω n = g (n + 1)(n + 2)
Then the combined atom-field wave function at time t is obtained as
3 Discussion
For simplicity, we only consider here the case where the system has on-resonance interaction, so that the two-photon detuning ∆ = 0 and Eq.(10) are simply expressed as
with Ω n = g (n + 1)(n + 2) and
We now discuss some quantum characteristics of the system arising from the above equation.
Population Inversion
Atomic population inversion can be considered as the simplest important quantity in the JCM and is defined as the difference between the probabilities of finding the atom in the excited state and in the ground state. By the Eq. (11), the atomic population inversion in our system is Fig.1 gives the inversion vs. scaled time τ = gt for different M and η. From Fig.1 , we observe that when the field is initially in the interpolating number-coherent state ||η, M and the atomic oscillator is in the excited state |e , the atomic population inversion exhibits the conventional Rabi oscillation for the M -number state limit with frequency Ω M (roughly 2M g) (Fig.(a) ) and the collapse-revival phenomenon for the coherent state limit, with a revival time which can be estimated as π/g (that is, characteristic period/frequency Ω cs ≈ g π ) (Fig.(d) ). For the general intermediate case (Fig.(b) and (c)), remnants of both behaviour are seen; namely, an oscillation of frequency Ω M modulated by the frequency Ω cs with modulated amplitude dependent on the parameter η and M .
Field Entropy
With the passage of time, the initial pure state will evolve into a mixed state, and the atom and field become entangled. But for certain times the atom and field are nearly disentangled. Entropy is a measure of the "amount of chaos" or lack of information about a system [9] . The entropy S of the quantum-mechanical system is defined as [10, 11] 
where ρ is the density operator of the quantum state and the Boltzmann constant k is assumed equal to unity. For a pure state, S = 0; otherwise S > 0, and it increases with increasing number of microstates with decreasing statistical weight.
In this section we study the time evolution of the field entropy in our system. Barnett and Phoenix [10] have proved that the field entropy S f equals the atomic entropy S a if the total initial state is a pure state. Using the atomic reduced density operator ρ a = T r f (ρ), the atomic entropy is defined as S a = −T r a (ρ a ln(ρ a )) which in terms of the eigenvalues π 1,2 of the reduced field density operator ρ a can be expressed as [12] :
From Eq. (11), the atomic density operator in our system can be directly calculated as:
where
Following Phoenix and Knight [12] , two eigenvalues of the reduced density operator ρ a are obtained as
So the field entropy S f in our system can be expressed as
The field entropy S f as a function of time gt is presented in Fig. 2 . It is clear that S f is a periodic function of time and it exhibits the conventional oscillation for the M-number state limit. For the coherent state limit, the field entropy during the time evolution is dynamically reduced to zero which means the cavity field can be periodically found in pure states. For the general intermediate case, the field entropy is non-zero but has the same modulating frequency as standard atomic population inversion. We also can see that the field entropy equals zero with the same characteristic frequency Ω cs as the collapse-revival phenomenon, at which times the system is in a pure quantum state.
Quasi-probability Distribution Q-function
The quasi-probability distribution Q-function is defined as [13] :
where ρ is the density operator of the quantum state and |α = e −|α| 2 /2 ∞ n=0 α 2 √ n! |n is the coherent state. In our case the reduced field density operator can be calculate from Eq. (11):
so the Q-function of the cavity field is:
In Fig.3 we plot the Q-function at times: τ = gt = 0, π/4, π/2, 3π/4, π. At time τ = 0, the Q-function has only a single peak, and the field is in a pure quantum state, the interpolating number-coherent state. At time τ = π/4, the Q-function begins to separate into two peaks. Consideration of Fig.1 indicates that this separation is associated with the collapse and revival of the atomic population inversion; that is, when a splitting of the Q-function occurs we have a collapse of the Rabi oscillation. At time τ = π/2, the Q-function exhibits the most separation between the two peaks and from Fig.2 we can see that at this point the entropy reaches its maximum. We conclude that the field is in a mixed state when the Q-function exhibits two well-separated peaks. At time τ = 3π/4, the Q-function again separates into two peaks, as well as at time τ = π/4. For the coherent state limit, the entropy is nearly equal to zero at these times (τ = π/4, 3π/4), so the field may be in a pure superposition state. At time τ = π, the Q-function has again a single peak, indicating that the field is in a pure state at that point.
Photon Number Distribution
The photon number distribution P n (t) corresponding to the state |ψ(t) is given by
In our case, the matrix element of ρ f in the Fock state basis is
Then the photon number distribution at time t is
As noted by Bužek and Hladký [11] , at time t > 0 the Q-function bifurcates which means that the cavity field decomposes into two states. Even though the entropy is not equal to zero, these two component states partially interfere which results in some oscillation of the photon number distribution. Fig.4 shows the behaviour at times τ = gt = π/4, π/2, 3π/4, π. From these graphs we can see that the photon number distribution exhibits strong oscillation at time τ = π/4, 3/4π, at which time the field entropy becomes significantly reduced (Fig. 2) and the oscillation becomes intense at τ = π/4. These oscillations occur almost periodically. So the field is periodically in a pure superposition state.
The well-known Jaynes-Cummings Model gives an exactly solvable model of a two-level atomic system in interaction with a radiation field. In this paper we considered the interaction with newly-introduced interpolating number-coherent states ||η, M which interpolate between number and coherent states, and which reduce to these states in the limit η → 1 and η → 0, M → ∞ respectively. On an intuitive level, one expects that the response of the atomic system will vary between the purely sine oscillation typical of an initial number state, and the collapse-revival mode for an initial coherent state; and indeed this is what one obtains.
The analysis was based on the usual Jaynes-Cummings system of a two-level atom coupled by coupling g to a two-photon radiation field. We first studied the dynamics of atomic population inversion, and found that it exhibited the conventional Rabi oscillation for the M -number state limit with frequency Ω M (≈ 2M g) and the collapse-revival phenomenon for the coherent state limit, with characteristic period/frequency Ω cs (≈ g π ). For the general intermediate case, remnants of both behavior were seen; namely, an oscillation of frequency Ω M modulated by the frequency Ω cs with modulated amplitude dependent on the parameter η and M .
We further calculated the field entropy, which is zero for a pure state and non-zero for a mixed state. In general, for the atomic-radiation system, the field entropy was found to be non-zero; but equal to zero with the same characteristic frequency Ω cs as the collapse-revival phenomenon, at which times the system was in a pure quantum state.
We also described the evolution of the quasi-probability distribution Q-function as well as the photon number distribution. We found that the Q-function exhibited a variety of peaks with corresponding photon number oscillation. The greatest separation of Q-function peaks corresponds to maximum entropy, which means the field is in a mixed state. The entropy is nearly zero when the Q-function has exactly one peak, corresponding almost to a pure state. Non-zero minima of the entropy are associated with (almost pure) superposition states. Interference between components of the superposition state causes oscillations in the photon number distribution. Peak separation in the Q-function is associated with the onset of the collapse and revival of the atomic population inversion. 
